The residual symmetries of the famous modified Korteweg-de Vries (mKdV) equation are researched in this paper. The initial problem on the residual symmetry of the mKdV equation is researched. The residual symmetries for the mKdV equation are proved to be nonlocal and the nonlocal residual symmetries are extended to the local Lie point symmetries by means of enlarging the mKdV equations. One-parameter invariant subgroups and the invariant solutions for the extended system are listed. Eight types of similarity solutions and the reduction equations are demonstrated. It is noted that we researched the twofold residual symmetries by means of taking the mKdV equation as an example. Similarity solutions and the reduction equations are demonstrated for the extended mKdV equations related to the twofold residual symmetries.
Introduction
The well known nonlinear modified Korteweg-de Vries (mKdV) equation [1] can be written as
where the subscripts denote the differentiations. It and its variants are very important nonlinear evolution equations (NLEEs) in the areas of theoretical physics, oceanography and meteorology. Finding exact solutions of NLEEs has become one of the most exciting and extremely active areas of research investigation. Many effective methods for obtaining exact solutions of the mKdV equation and other NLEEs have been presented, such as the classical and non-classical Lie group approaches [2, 3] , truncated Painlevé expansion method [4, 5] , Bäcklund transformation [6] , variational method, Multi-linear variable separa-tion approach, function expansion method [7] , the mapping method and so on [8] [9] [10] [11] [12] [13] . The Painlevé analysis and the truncated Painlevé analysis is considered as one of the most powerful and systematic methods to analyze the integrability of nonlinear systems. One hundred years ago, Painlevé and his contemporaries identified a class of second-order nonlinear ordinary differential equations, in which the movable singularities exhibited by the general solution were only poles in the complex time plane [14] . Such systems are called the Painlevé type possessing the P property. Ablowitz, Ramani, and Segur (ARS) pointed out the intimate connection between the singularity structure and the integrability of the system, particularly for soliton equations [15] . Weiss, Tabor, and Carnevale (WTC) extended the Painlevé analysis from ordinary differential equations (ODEs) to partial differential equations (PDEs), and defined a PDE has the Painlevé property when its solutions are i
• singled-valued i± about the movable singularity manifolds [16] . It means that the general solution to the model can be expanded locally in a Laurent-like series
with sufficiently arbitrary functions with equal orders of the differential equation system, where β is a negative integer, = ( 
3 and 4 are arbitrary, and the other are determined by , 3 and 4 . For simplicity, we treat δ as 1 in the rest of this paper. Some types of exact solutions of the mKdV equation can be written as [16] = 0 + 1 (6) with the functions 0 and 1 are expressed by (4) . Meanwhile, if is a solution of the Schwarzian mKdV equation
are both solutions of the mKdV equation [16] . The above analysis is based on the standard truncated Painlevé expansion. The (G /G)-expansion and the nonstandard truncated Painlevé expansion on the mKdV equation are researched in Ref. [17] . Besides the Painlevé analysis method, the symmetry study is also considered as one of the most effective and systematic methods to solve partial differential equations [2, 3, [18] [19] [20] [21] . Based on the symmetry structure of the mKdV equation, the exact solvability of mKdV equation is researched in Ref. [22] . The nonlocal Lie Bäcklund symmetries of the mKdV equation is proposed in Ref. [23] . A symmetry constraint for mKdV integrable hierarchy is presented by binary nonlinearization [24] . Using the Bäcklund transformations, the superposition formulas for vector generalizations of the mKdV equation are obtained [25] . Approximate symmetries for some perturbed mKdV equations are researched [26, 27] . An invariant solution of the mKdV equation is obtained by utilizing the relationship between conservation laws and Lie point symmetries [28] . The nonlocal symmetries of the mKdV equation are obtained from the known Lax pair [29] . Recently, it was found that the residue of the truncated Painlevé expansion for the bosonized supersymmetric KdV equation is a nonlocal symmetry, which is called the residual symmetry [30] . We will take the mKdV equation as the example to deepen the research of the residual symmetries in this paper. The paper is organized as follows. Section 2 is devoted to the nonlocal residual symmetry of the mKdV equation. In section 3, we extend the nonlocal symmetry to the local Lie point symmetries, and lay out its invariant subgroups and invariant solutions. In section 4, eight types of similarity solutions and reduction equations are proposed. The twofold residual symmetries are researched in section 5 and section 6. The final section presents the conclusions and discussions.
Nonlocal symmetries of the mKdV equation from Bäcklund transformation
It is interesting that the truncated Painlevé expansion method can be used to find infinitely many nonlocal symmetries. The symmetry σ of Eq. (1) is the solution of the linearized nonlinear equations of Eq. (1), namely
which means Eq. (1) is form invariant under the transformation
with parameter being infinitesimal. For the determining equation (10), we found the following theorem Theorem 1.
(Nonlocal symmetry theorem). If is a solution of the Schwarzian mKdV equation
is a nonlocal symmetry of the mKdV equation (1) Proof. Noticing = 1 is a solution of the mKdV equation, and plugging = 1 , σ = 0 = and the Schwarzian mKdV equation (7) into the determining equation (10), we can transform Eq. (10) to 0 = 0, which means that σ = is a good choice. From the transformation (9) , one obtain that
where 1 ( ) and 2 ( ) are arbitrary function of . Furthermore, we obtain
and
We call the symmetry (12) nonlocal symmetry due to the existence of indefinite integral in Formula (15).
Remark 2.
It is worthwhile to note that the nonlocal symmetry (12) is the residue of the truncated Painlevé expansion and the Bäcklund transformation (9) . The nonlocal symmetry is called as the residual symmetry [30] . This type of symmetry links the transformation of the different solutions
In order to found their transformations, we will solve the initial value problem
To solve the initial problem (17), we have to prolong the original system such that the nonlocal symmetry of the original model can be changed to a local Lie point symmetry for the extended system. For the mKdV equation, the extended system can be written as
The symmetry σ is correspondingly extended to three symmetry components {σ σ σ }, which satisfy
The initial value problem (17) is correspondingly transformed to
The solution of above initial value problem can be written as the following one-parameter group transformation theorem for the extended mKdV system (18) Theorem 3. (18) , then
(One-parameter group transformation). If { , and } is a solution of the enlarged mKdV system
The finite transformations (21) can also be treated as auto-Bäcklund transformations for system (18).
One-parameter invariant subgroups and invariant solutions
Because of the nonlocal property of residual symmetries, we can study the symmetry reductions of the extended system (18) since the residual symmetry has been localized to the symmetry (19) . To find the corresponding new symmetry reductions related to the nonlocal symmetry (12), we should study the full Lie point symmetries of the enlarged system (18) . The Lie point symmetry components {σ σ σ } of Eqs. (18) are the solutions of the following linearized nonlinear equations
The three symmetry components {σ σ σ } can be supposed to have the forms
where 
with being an infinitesimal parameter. Plugging (23) into the extended system (18) and identifying all the coefficients of { }, we obtain an overdetermined set of equations for the unknown functions X , T , U, F , G. Solving the determinant equations, we obtain
, C 5 and C 6 are arbitrary constants of integration. The corresponding infinitesimal generators can be written as
where V 1 and V 4 are scaling transformations, V 2 , V 3 and V 6 indicate translations, and V 5 denotes local symmetries. It can be proved that these generators are closed under the Lie bracket and they constitute the generalized vector
where { = 1 2 3 4 5 6} are arbitrary constants. The Lie algebra constituted by the six generators is presented in Table 1 . Table 1 . Commutation relations for (27) 
For the vectors described by (27) , there exist the following one-parameter invariant subgroups (
Reduction equations and similarity solutions related to the nonlocal residual symmetries
Symmetry reduction technique is a powerful method to reduce the dimension of the researched equations. We will discuss the reduction equations and the corresponding similarity solutions for the Eqs. (18) . From formulas (23) and (26), we obtain the following Lie point symmetry theorem.
Theorem 4.
(Lie point symmetry theorem). The extended mKdV system (18) possesses the Lie point symmetries
It is noted that C 5 in σ , C 5 2 in σ and 2C
5
in σ are related to residual symmetry.
After determining Lie point symmetries of the extended system (18), we will then find the group invariant solutions and group invariants which satisfy
(43) The combination of (40)-(43) leads to following eight nontrivial similarity solutions. Case 1 C 1 = 0 and C 5 = 0. If U = U(ξ) is a solution of the reduction equation
is a solution of the mKdV equation (1) . Correspondingly, and and group invariant ξ are determined by 
where the group invariant
and the similarity reduction functions U F and G satisfy
Case 3 C 1 = 0, C 6 = 0. In this case, we have the third type of similarity solutions
where the group invariant ξ =
, and the reduction functions U F and G are governed by the following reduction equations
and the reduction equations are governed by
Then the similarity solutions for the enlarged mKdV system ( 
where the reduction functions
are determined by the reduction equations
The similarity reduction equations are
with U = U( ) F = F ( ) and G = G( ). The similarity solutions are 
where the group variable ξ = −
, and the similarity solutions for the enlarged mKdV system (18) are
(83)
The final type of the similarity solutions for the system (18) 
where the group variable is just , and the reduction functions U( ) F ( ) and G( ) are determined by
The nonlocal twofold residual symmetries of the mKdV equation
Because of the arbitrariness of the manifold , there are different choice for . In this section, we will research twofold residual symmetries. The two different manifold functions are chosen as 1 and 2 . Is is known from Formula (8) that if 1 and 2 are solutions of the Schwarzian mKdV equation (7) The residual symmetry σ can be enlarged to the symmetry components {σ ,
where 0 , 1 , 2 and 3 are arbitrary constants. For the new extended system (92), the determining equation are
Correspondingly, the five symmetry components {σ σ 1 σ 2 σ 1 σ 2 } possess the following form
Substituting Formula (95) into Eq. (94) and solving the determining equation system on X (   1 2  1 2 ), T (   1 2  1 2 ), U(
2 ), we obtain the following theorem.
Theorem 5.
(Lie point symmetry theorem 
Similarity solutions and reduction equations related to the nonlocal twofold residual symmetries
Now, we will try to obtain the similarity solutions and reduction equations of the extended mKdV equations (92). Group invariants should satisfy
The equations (96) 
Summary and discussion
A new symmetry method called 'residual symmetry' is proposed [30] . We researched the famous mKdV equation by means of the residual symmetry method in this paper. It is shown that for the Painlevé integrable mKdV equation, the residual of the truncated Painlevé expansion is a symmetry of the mKdV equation. The residual symmetry is nonlocal, and it can be localized by enlarging the mKdV equation to the extended mKdV system (18) by adding two equations. The initial problem of the residual symmetry, which is an auto-Bäcklund transformation of the enlarged mKdV system, is researched. The one-parameter invariant subgroups and the the corresponding invariant solutions are researched for the extended mKdV system. Both Ref. [29] and this paper focus on the nonlocal symmetries of the mKdV equation. The nonlocal symmetries are derived from the known Lax pair of the mKdV equation in Ref. [29] , while which comes from the residues of the truncated Painlevé expansions in this paper. Eight types of similarity solutions and the corresponding reduction equations are proposed. Travelling wave solutions and non-travelling wave solutions are obtained. Traveling wave solutions including some dark solitary wave solutions can describe wave phenomena such as atmospheric gravity waves. Non-traveling wave solutions can describe some perturbed phenomena such as atmospheric circulation and surface turbulence.
Furthermore, we deepen the theory on 'residual symmetry' by introducing two residues and researching twofold residual symmetries. Twofold residual symmetries are still nonlocal. We enlarged the mKdV equation to a new system (92) by adding four equations. The Lie point symmetries are researched, and two nontrivial types of reduction equations and similarity solutions are listed.
